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1. INTRODUCTION 
Let a(n) denote the number of solutions of the equation 
i 2-9 = 1, 
i=l 
where the xi are integers satisfying 0 < x1 < .*. < x, . The equation 
represents the case of equality in the Kraft (or McMillan) inequality for 
uniquely decipherable codes on two symbols [4]. Bende [l] (see also [2]), 
gave a graph theoretic interpretation for a(n) and two methods of cal- 
culating a(n) for small values of 12. He asks for the asymptotic value of 
44. 
We answer this question here by giving a different graph theoretic 
interpretation of a(n). With our approach, we avoid introducing the double 
subscripted sequence T&Z) of [l]. It is almost immediate from the inter- 
pretation we give here that {a(n)} has a meromorphic generating function 
A(z) and hence that 
u(n) = c&in + 001”) (2) 
where (II and h are positive constants and 0 < p < A. In particular, 
lim u(n + 1)/u(n) = h exists. 
By what amounts to determining a few terms in a continued fraction 
expansion of A(z), we are able to obtain sufficiently accurate rational 
approximations to A(z) to show that 01 = 0.14185325f 6 x 1O-8 and 
that 
1.794147176 < h < 1.794147186. 
The error term is shown to be smaller than 578(1.55)“. 
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2. RECURSIVE INFINITE TREES 
As in [l], we note that there is a natural way of generating all solutions 
of (1). Let x, = m and rewrite (1) as 
2” = k,2O + ... + k,2”, (4) 
where k, # 0 and k, + ... + k, = IZ. Clearly k, = 0 if It > 1. From (4) 
we can obtain k, representations of 2nz+1, namely: 
2nc+1 = (2i) 2O + (k, - i) 2l + k,22 + *.. + k,2m+1, (5) 
for i = 1, 2,..., k,. Note that 2i+(k,-i)+.**+k,=n+i. It is 
easy to see that every representation of 2m+1 arises in this way from a 
unique representation of 2”. Thus from 1 = 1 we obtain 2 = 1 + 1 and 
from this the two representations 4 = 1 + 1 + 2 and 4 = 1 + 1 + 1 + 1, 
etc. This process can be represented by an infinite rooted tree A as follows: 
the root * (corresponding to 1 = 1) has a single edge labeled 1 leading to 
a node at level 1 (corresponding to 2 = 1 + 1). The label of the edge is 
one half the number of l’s in the representation 2 = 1 + 1. Recursively, 
any node reached by an edge labeled k is connected to 2k nodes at the next 
level by edges labeled 1, 2,..., 2k. We can abbreviate the production of 
this tree by giving the ‘fan-out rules” * + {l}, k + {I, 2,..., 2k). Now, 
to obtain a(n), we label each node P with a number n which is obtained 
as follows: Assign the label 1 to * and recursively assign to P the label 
n + i if its predecessor has label II and the edge joining these two nodes 
has label i. Then a(n) is simply the number of nodes labeled IZ in the 
graph A. 
The significant fact to notice about A is that if we ignore the labels on 
the nodes, then A is recursive in the sense that each node can be regarded 
as the root of a tree isomorphic to A. We will show that this implies (2). 
Let B be the tree with fan-out rules * -+ (2) and k + (2, 3,..., 2k}, and 
with nodes labeled in the same way as A, labeling * with 12 = 1. Let b(n) 
be the number of nodes labeled IZ in the graph B. Then b(n) counts the 
number of nodes labeled y1 + 1 in A which can be reached by a path from 
the root in which no edges are labeled with 1, except the first. Thus it is clear 
that 
a(1) = 1 and u(n) = -f b(k) a(n - k), for n 3 2. (6) 
k=l 
Let us now introduce the generating functions A(z) = Cz=., a(n) z~, 
and similarly B(z). First note that, for n = 2, 3,... 
u(n) < u(n - 1) + a(n - 2) + *a*, (7) 
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since each node numbered n must be entered by an edge numbered 
k = 1, 2,... for some unique k. From (7), we find that u(n) ,< 2’” and 
hence that A(z) has radius of convergence at least +. Similarly, 
b(n) < b(n - 2) + b(n - 3) + .*., which implies that b(n) < 7n where 
T = (1/5 + 1)/2 = 1.6180... and hence that B(z) has radius of convergence 
at least 7-l = T - 1. From (6), we see 
44 = z/u - B(z)), (8) 
for I z [ < T - 1, provided B(z) # 1. Now b(n) > 0 for n > 5, so the 
equation B(z) = 1 has a unique positive real solution z,, = l/h with 
0 < z,, < 7 - 1 and all other roots z, satisfy 1 z1 1 < z,, . Hence, inte- 
grating around a circle I z [ = r, with z,, < r < 1 z, /, one obtains (2), 
with (II = l/B’(l/h) and TV = l/r < A. Clearly (II > 0, and 7 < h < 2. 
3. NUMERICAL ESTIMATES OF A 
To estimate A directly from B(z) = 1 would require a large number of 
values of b(n), and b(n) grows quite rapidly. However, notice that B is 
also recursive, and hence 
b(1) = 1, and b(n) = f c(k) b(n - k), for n >, 2, (9) 
k=2 
where c(n) is the number of nodes labeled n in the tree C with fan-out 
rules * + {3,4}, k --+ (3, 4 ,..., 2k}, with * labeled 2, and the remaining 
nodes labeled in the same way as for A. Similarly, 
41) = 0, ~(2) = 1 and c(n) = i d(k) c(n - k), for n > 3, (10) 
k=‘d 
where D is a graph which is the union of two trees D’ and D”, with roots 
*‘, *” respectively, where *’ is labeled 3 and *” is labeled 4, and the fan-out 
rules are t’ --+ (5, 6}, *” -+ (5, 6,7, S> and k -+ (5, 6 ,..., 2k}. The number 
d(n) counts the total number of nodes labeled n in D. Again, we 
have c(n) < c(n - 3) + c(n - 4) + *** so that c(n) < psn, where 
p3 = 1.46557... is the positive root of p3 - p2 - 1, and for n > 5, 
d(n) < d(n - 5) + d(n - 6) + 0.0, (11) 
60 d(n) < pgn, where p5 = 1.32471... solves p5 - p4 - 1 = 0. 
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Thus, we have 
B(z) = z/(1 - C(z)) 
C(z) = z2/(1 - D(z)) 
for I z I < l/p2 , and (12) 
for I z ( < l/p5 . (13) 
Thus, to solve B(z) = 1, we must solve C(z) = 1 - z or (1 - z) D(z) = 
1 - z - 22. 
Notice that if we replace the coefficients d(n) by numbers 0 < d-(n) < 
d(n), then the corresponding numbers c-(n) and b-(n) computed from (10) 
and (9) will satisfy c-(n) < c(n) and b-(n) < b(n). Hence if z = l/h- 
satisfies (1 - z) D-(z) = 1 - z - z2 we will have h- G h. Similarly for 
upper bounds d(n) 9 d+(n). A choice of d-(n) and d+(n) which requires 
a calculation of d(ra) for only a finite number of n = I,..., N is the following, 
where we recall I$. (11): 
d-(n) = d(n) for n < N, and d-(n) = 0 for n 
d+(n) = d(n) for n < N, 
d+(n) = 5 d+(n - k) for n > N. 
k=5 
Thus, 
D-(z) = DN(z) = 2 d(n) z”, 
,=d 
while 
> N, (14) 
(15) 
(16) 
D+(z) = (1 - z - z5)-I((1 - z) I&(Z) - z5D,-,(z) + ZN+1D&& 1)). (17) 
As N -+ co the estimates X- and h+, so obtained, are seen to converge to h. 
Choosing N = 50, the values of d(l),..., d(50) were quickly calculated by 
a standard tree-traversing algorithm [3, p. 3341. The bounds given in (3) 
are the values of h- and X+ so obtained. To calculate 01 we observe that 
B’(l/h) = --A + 2h2 + (h - 1)2 D’(l/X) and use &,(1/X) to approximate 
D’( l/h). 
4. THE ERROR TERM 
As shown in Section 2, 1 u(n) - c&In ( < M(r) r-*, where M(r) is the 
maximum of ] A(z)] on 1 z 1 =.r and B(z) = 1 has no solution other than 
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z = z,, in 1 z 1 < Y. To find a suitable r and M(r), we write f(z) = 
D(z) f- z”( 1 - 2))’ - I, and use (12) and (13) to obtain 
B(z) - 1 = (1 - z) f(z){z”( 1 - z)-’ - f(z)>-‘. (18) 
Thus, on I z j = r we maximize 1 A(z)1 by minimizing / f(z)I. Observe that 
the zeros of f(z) are the roots of B(z) = 1, at least if / z / < l/p5 . We 
locate the roots of f(z) by writing D(z) = 04(z) + R(z), where the 
coefficients of R(z) are nonnegative and dominated by those of 
R+(z) = z*(l + z)( 1 - z - z2)-l (see (17)). Since 04(z) = z3 + z4, we 
have 
f(z) = (-P(z) + (1 - z) R(z)j(l - z)-l, (19) 
where P(z) = z5 - z3 - z2 - z + 1. We use (19) in two ways depending 
on whether or not z is near z,, . For 0 < / z - z0 I < 6, we will have 
f(z) # 0 if 
lcf(4 - f&8(z - w - f’bJ)l < f’(%). (20) 
We can estimate the left member of (20) by (g(zO + 6) - g(z,,)) 6-l - g’(zJ, 
where g = D4 + Rf. We find that (20) holds if 6 = 0.13263213 (so that 
z0 f 6 = 0.69). For the other estimate, we note that the zeros of P are 
y = 0.56227802, yr > -y2 > 1, and y3 = r4 = .$& i7 with r] = 0.974.... 
We choose 6’ = 0.127219786 so that the disk / z - y 1 < 6’ lies inside 
1 z - z0 I < 6, and then for / z j < r and 1 z - y j 3 6’ we have, from 
Eq. (19), 
I f(z)1 2 {(n + r)(l y2 I - r)(y2 - r2) 6’ - (1 - r) R+(rNU + r)-l, (21) 
where we use the fact (1 - z) R+(z) has nonnegative coefficients. With 
r = (1.55)-l the right member of (21) is positive. We have thus shown that 
I z 1 < r contains no zeros offother than z = z,, . The estimates of If(z)1 
from (21) and (20) on I z j = r show M(r) < 578, which proves 
1 u(n) - arAn I < 578(1.55)“. 
Direct calculation shows that ~~(24) = 175586, ~(25) = 315016 SO 
a(25)/a(24) = 1.7940836. Also ~(25) - auhz5 is about 30, so our estimate 
of the error would seem unduly pessimistic. 
5. REMARKS 
(1). The method applies equally well to the equation Cy=, r-Q = 1 
with r an integer greater than 1. If u(n) is the number of solutions, we find 
by congruences that u(n) = 0 unless n = 1 (mod r - 1). Defining 
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N,(n) = a(n(r - 1) + l), the method of recursive trees enables us to 
show that if v, is the solution to v r+l - 2vr + 1 = 0 with v, < 1, then 
N,.(n) = OI,&~ + ObTn) where 0 < pr < A, and v, < A,. < v,+~ . Note 
that v, -+ 2 as r + co. 
(2). The natural continuation of the sequence of graphs A,..., D of 
Section 3 shows that the function .4(z) is meromorphic in 1 z 1 -=c 1. 
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